UNBIASED RATIO ESTIMATORS
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ConsIDER a simple random sample of & units which is selected either
with replicement or if without replacement from a population rela-
tively largs enough to let the sample be.treated as with replacement
and no loss of generality. Each- sample unit will te observed for
two characteristics (x, y) where y is the main characteristic -of interest
and x is a correlated supplementary characteristic. Let
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‘be the two conventional biased estimates of the population ratio
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Hartley,! Pascul,? Murty and Nanjamma® considered an ‘“almost”
unbiased estimate

and investigated its efficiency in relation to 7. In this paper, the'same
efficiency is investigated more explicitly and to different degrees of
approximation considering that the unbiasedness of r* is truetoa second
degree of approximation in terms of what are known as moment
coefficients. At the same time an alternate estimator will be introduced
in order to provide a completely unbiased estunate under certam
special cases of frequent occurrence.

The necessary and sufficient condition for r* to be more eﬂiclent
than r is given by

Var (+*) — Var (1) < 0.
Writing

1

ey & Var (" + Var (/) — 2k Cov (7—r)] (4)

Varl (r¥) =
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this condition can be simplified as

(2k — o724+ o2 —2kCov (r,7) < O e 5)

The author has elsewhere* expressed ¢7? and 0—2 in the following
manmner : .-

—E(y—Qxle( )—l—Cov(iz,y—Qx)
(3.5 - 09 o ~
and " '

or? %[E(y—Qx)”i( )—I—COV(lz,y——sz). - ,

o Cov? ( Qx) ) ) l (6)

In terms of ‘““moment coefficients” C,, defined as

Gk —X)r(y—Y)

Cy=E L
Xrye .

with order (r + s), r* is an unbiased estimate when expectations are
taken up to and including second-order moment coefficients. For
this reason it may be useful to investigate what the condition (5) will
mean when the variance and covariance terms are expressed upto
and including fourth-order moment coefficients. As far the variances
at (6) are concerned, the following approx1mat10ns can be derived
from'® under the assumption

x—X ‘ ‘ ._
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4 (ke — 1) Cao (B + 2078 — 6py/B + 3)}] ' 8
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and _ ,
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of? F&Qz(l +13—2P\//3)C20'_”‘ Czo (1 _P\/lg)

k k

— &2 (G — 2Cu + Co9) — 3 (Cas — 20y + Cu)]
©)

where B = Cy,/Cs and p is the product moment coefficient corre-

lation between x and y given by p? = C;12/CyCs.

The covariance term in (5) will be now evaluated to the same degree
of . approximation by using assumption (7).

Cov (r, F) = 716 Z Cov (7, 1 = Cov (7, 1),

covGn=£(3.3) - £(2)£(2)

Writing
sx=*—% and Syz—fz,
X Y

= 0*{1 +(Co— Cpp) ~ (Cyo— Co) + +.. }
X{L+(C'y%— Cy) = (C'3p—C'y) + ... L.
Under assumption (4) where C,, is a moment coefﬁcie_n‘t with order

(r +5) defined like C,; with (%, 7) (i.e),

C ' =E(f—i;):(.]7_?)s
4 A_/rys

Retaining moment coefficients up to and including those of the fourth-
order in the expansion and expressing C,,’ in terms of C,, — s, we have

0)()

= 0 {1 +(Ca — C) (1' +%) — (Cap — Cay) (1 4712)

H
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+

CaoF 3 (k — 1) (Cyy* A‘ C”C_‘%)_j_gl
kB - :

y @y (c.m - cao} (10

Siinilarly «uhder’ assumption (7),
o 4 y)

X o _

= Q*E[(1 4 8 + 3y + 8y3p) {1 — (3% + &x)
{4 (8%2 4 8x8% + Sx?) — (8%3 + Sxd%? + Sx28X+8x3)

+ (8%* 4 8x35x.4- 8%20x% 4 8%dx® + 8x%:..}] (11)
In order to get an approximation- in terms of moment coefficients

up to the fourth order we only need to consider the expectations of
products in. 8—s up to the fourth order. While a product involving

(%, ¥) or (x,y) alone directly gives expectations in' térms of..C,* or
C,, (where C,,’ can be as usual expressed in terms of C,, — 5), we may

procéed in. the- following -manner- to obtain expectation of product - -

mvolvmg both (%, 7) and (x, »):-

E (8y8)) . ,
= lE("O‘y-z&) +1 Z (8,8)
I k A
J=
= Lo
k
E(8x26x)
E(‘o‘x1 + Sx,Zsz—l— dx,2 Z 8x;
~ L fFi T 1=i=|
C+ dx,2 Z 8x; + 3x; Z Sx,le)
- jF1d -
G
=
E(8y13x8y)
- E{b‘x, Syf ﬂ‘ 5, Z 5x, ay, - (89x) Z 5,

P E 1=Fi
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+- &2 Z 3x; + 8y, Z 8x,8y]}

L
= Cu
=21
3 E (5x25%7) '
' - PE(SM‘ +oxp2 D axt ot ox Z‘ 5%,
i 1§
- + 8x;3 Z dx; + dx,? Z 8x,8x1)

si i1
l .
= 7?2 {C40 + (k o 1) Cgoz}.

In so far as fourth-order terms are concerned it can be shown
similarly,

E (3xbyd3%y) = ,*i—z {Co+ (k — 1) CiyY; E (35x87) = %22
E(8y578%%)
1 ’ .
g (ot (B — 1) CouCoo + 2 (k — 1) Cpy%}; E(8x%85)

— Cu
7
E (8)238x)

Tk {Cglo + 3 (k — 1) Cyy?}; E(8x878%2) = E (8y8%9)
. .
ka{C31 +3 (k — 1) CoyCyi}

E(ax28x3y) kz{C31+(k 1) CooCra} = E (3325x8y)}

- E(5x28y8%) = E (578x%) = C—k’“ .

Inserting these expressions into the fourth-order expansion of

(11) and subtracting therefrom the approximated product of expecta-

| tions as given at (10), Cov (¥, /) can be written to the fourth order of
’ approximation in moment coefficients as
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Cov (7, 7)
=0 [S2a+8-2vD-(3+ p)

1 1 1
X (Cyg — 2C5 + Cyp) + (75 + k‘2-+ Es)
2

N
X (Cyo — 2C31“|‘C22)‘|‘C20 {(P — Es) (1 —p+/B)?

+(5-#)r-m}]

(12)

Substituting from (8), (9) and (12) in (5), the condition can now

be written in terms of moment coefficient as

(k= 1)

2k (Cyy — 2C21 + Cao) + 2k 4+ 3)

X (Cyo— 2Cq + Cyo)}
(k=1
%3

+11k—=9) 2pvB—-1}<0.

Cao? {— (4k — 3) § — (Tk — 6) p*B

Defining
===, Cov {x, (y — 0%)%
X
and
. 1 .
Fe="5oye Cov {x*, (y — Q.x)z,}

it can be shown that
Cip— 2Cy + Cio=m

and

Using-these relations (13) can be simpliﬁed as -

s D% e+ 30 — 2k + )

"+ k31 Cz(,z(ak2 + bk + 0) < 0

Cho— 2C51 + Cop =pp — 2p3 + Co* (1 + /3 - 2P VB)-

(13)

14)
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where

b=10{(l —p VB> + B — ) +T(p*— B)

and ' g 13
c=—6(1—p+/p)> ‘

w, and p, are likely to be small positive constants of a negligible
order in most of the cases where a ratio estlmate will be usually con-
sidered. Between the two u, is likely to be of a higher order and if we
assume u, as at least twice p, in any-case, the first term in (14) can be
seen as negative so that the condition can be generally reduced as

ak? + bk 4+ ¢ < 0. ‘ - (16)

a=—2{1—py/Pr+BU0—p)<0 ‘z

Since the coefficient ais always negative, this will mean that the
sample size k& should be outside (k,, k;) which are the roots of the qua-
dratic if the unbiased ratio estimate r* is to be more efficient than the
conventional ratio estimate 7. For the usual values of p and \/,B
that we normally come across the lower root seems to be very near
the zero value or negative so that the higher root should be considered
as the lower limit for k. From the values of that higher root tabulated
below for a range of (p, 4/B) combinations that we normally come
across, it is seen that the condition is almost invariably satisfied since
the samples are always at least that large. It may be thus concluded
that to the degree of approximation considered and under situations
when a ratio estimate .is normally considered, the unbiased estimate
genérally turns out to be more efficient than the conventjonal biased
ratio estimate. :

Integral Part in the Higher Root ki, of the. Quadratic
ak?4-bk +c=0

p
VB | 0-5 0-7 0-9
0-7 3 4 9
1-0 2 7 1 1
1-5 1 0o 0
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‘ Substltutlng in (4) the expressions for Var (r) Var (r) and Cov (r, 7)
and after slmpllﬁcatlon to the fourth degree of approximation
it can be shown that ' ’ '

Var (r *)
=2+ B2 vB)

Q* Cs® -
A RETR

X 20Gk—2) (l-l—p\‘/B)2+'l;:ﬁh(l —pz)}] Can

+

 Alternate unbiased ratio. estimate—We shall now. consider the
case when the regression of 'y on x'is linear and y has a constant variance
for any given x; the regression however:'does not necessarily pass
‘through origin (i.e.) the regression coefficient B is not necessarily equal
© to Q. In this case the expected values of the two conventional ratio

estimates 7 a’n’d F including éXpressiéns for bias ¢an be written as (4),
EO=ot@-B(5-1)
and , - L | :
E()=0+(~ B)(— ) _ W
when X,, and X,l are the harmonic means of % and x -

Multiplying both sides of (18) by (X/X, — 1), both sides of (19) by -.
- (X)X, =1) and sﬁbfr‘acﬁng the latter from the former, we shall have

;7;.“) @9
7.~ %)

Assuming knoWledge of X (which may not be always available) we-

=2 @

shall define an estimate r taking the clue from (20) as
; — x;, ) ( '
(z; ~3)

1)
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where % and %, are the usual arithmetic and harmonic means from a
s1mple random sample of k& observations. We shall show that this
is a completely unbiased estimate of Q. Accordlng to our assumpt1on
of linear regression of y on x

E(y|x) = (Y — BX) + Bx

so that o . - (‘/
E(Z]x)=Y‘BX+B _ ‘ 22)
x x e :
and
EGlx=Y1=8% 15
xh
Similarly

EJ|x) = (¥ — BX) + Bx

so that
— BX

EG|%) = +B | @

E() = EE(|x)
=E(xih_%){;h__)(y BX—I—B) |
(——-)(Y e

We shall obtain the variance of r by using the approach

Var () = E [var u?) | x] +VIE (? | ;x)] B (24)

Since E (r | x) = Q, the second express10n in the above formula
will be zero. Writing

V(;ll ) = V(| x) + 772 V(Ecr!j:z?): 285 Cov (r, F|x) (25,




28 JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTIC

From (23), we have
~ ~ I _
r—E(rIx)=;C{(y—Y)—B(J’c—X)}.
Agéin according to the basic assumption

E[{(y —Y)— B(x— X))} x) =
so that

V(rlx)=E[r—E@F|x)|]
E[{j —Y)— B(x — X))?| ]

2
7f_ (26)

Hnl — Xll —
(%]

I

On the other hand from (22) we have

%’C—E(J—;} x)=%{(y~f’)—8(x—-f)}

so that

V()Yc

A 1 . N
%) = S
and )

o= . @

where w, is the harmonic average of :3c2 in the sample.
Cov {7 | x}
= B[ 0= =BG~ B
X33 Z{(yi—Y) B (v — )]

_ Sy* _ S

Tk Lakxx,  kxx, (28)
assuming samphng with replacement or lndlvldual sample values as
independent,
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Substituting in (25) from (26), (27) and (28) we havs

e
A Xéﬁé‘_") (5 — =) 29)
X

X

we may now notice that

1 1_‘1(Zl_i)
AN AVAEL

_k ; ! (sample mean square of 1/x)

1 .
Y 2 3N T SO - . (30)
xh

k
where C,,,2 is the sample relative variance of 1/x.

Using '(30), (29) can be rewritten as

Sy? (‘ (x — X)2 21 ]
e =5 (Ut _X)zcm} (3D

so that from (24) we can get

= 1+ { ((;_ X:)2C1/z}] | (32)

whereas a sample estimate of (32) can be computed from (31) wit]
Sy® replaced by its sample estimate

W= g ) — b= o
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